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Introduction

The development and implementation of Early Warning Systems (EWS) for the prediction of
financial crashes is of paramount importance for both practitioners and regulators. A large
part of the literature regarding EWSs has been devoted to improving the models based on
measures such as Value-at-Risk and Expected Shortfall. In this study we present an alternative
approach to the development of an EWS that takes inspiration from the geophysics literature,
more specifically earthquake prediction.
Large financial crashes are outliers with respect to the frequency distribution of price drawdowns which have special characteristics that may be exploited for their prediction. In the
models developed below, price movements and seismic activity are treated as the same phenomenon in order to study and exploit their self-reinforcing. This allows the development of a
family of models that, ultimately, allow the researcher to predict the probability of occurrence
of a price movement above a chosen threshold in a given period of time. This framework provides highly insightful medium-term forecasts without imposing stringent assumptions on the
tail-behaviour of error distributions.
In this paper, after describing the methodology involved in the ETAS family of models
presented in [1], we review the results obtained from the implementation of a specific ETAS
model. We then comment on how this fits along with the Ricci Curvature-based indicator
already in Fasanara’s systemic-risk indicator toolkit. Finally we compare the ETAS indicator
with the VIX and comment on some of the advantages the former has over the latter in our
use-case.
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Methods

The modelling framework of this study is based on the Epidemic-Type Aftershock Sequence
model (ETAS) developed by Ogata in 1988 [6], which has been widely studied by geophysicists
over the years. This models the occurrence rate of earthquakes (seismic activity above a given
threshold) as a Hawkes process [4]. The Hawkes process is a mutually self-exciting temporal
point process, intuitively this means that occurrence of past points (crashes in the case under
study) makes the occurrence of future points more probable.
Consider a event process (t1 , m1 ), . . . , (tn , mn ), where ti defines the time and mi defines the
mark of the event. Let Ht = {(ti , mi ) : ti < tg } represent the entire history of events up to time
t. Then the conditional intensity of jump arrivals following a Hawkes process is given by
X
λ (t|θ; Ht ) = µ +
g (t − ti , mi )
(1)
i:ti <t

where µ ≥ 0 and g (s − ti , mi ) > 0 when s > 0 and 0 elsewhere. This conditional intensity
can be broken down into its two components: (i) the constant term µ, and (ii) the self-exciting
triggering function, g(s). The latter, g(s) is a function which depends on the time intervals
between the occurrence of previous jumps at times ti and time t, as well as the size, mi , of these
jumps. Notice that in the case relevant to us, events are negative price jumps whose magnitude
is larger than a given threshold, i.e. market crashes.
Event-triggering functions, g(s)
In this study we consider two event-triggering functions, g(s), these are
gpow (t − ti , mi ) =

K0
(γ (t − ti ) + 1)

1+ω c (mi )

gexp (t − ti , mi ) = K0 e−β(t−ti ) c (mi )

(2)

(3)

where K0 is a parameter which controls the maximum intensity of event triggering for both
functions. In addition, for Equation 3, K0 also controls the expected number of events triggered
by an event. Similarly, this amount which we call the direct descendants of an event, is controlled
by γ in Equation 2. The function c(mi ) controls the influence that the size, mi , of past events
has on the intensity with which future events are triggered.
For each of the two triggering functions above the probability of an event triggering decays
over time. As the subscripts suggest, for Equation 2, probability decays according to a powerlaw distribution while for Equation 3 it decays according to an exponential distribution. The
rate at which this probability decays is controlled by parameters ω and β, respectively. As these
parameters become larger, the rate of decay of the triggering probability becomes faster.
Distribution of the sizes of excess magnitude events, G(χ)
As shown in the literature [5], the sizes of excess magnitude events with respect to a given chosen
threshold (usually a given percentile in the distribution of all events) follow a Generalized Pareto
Distribution defined by


−1/ξ

χ
1 − 1 + ξ σ(t)
ξ 6= 0
Gξ,σ(t) (χ) =
(4)
χ
 1 − e− σ(t)
ξ=0
P
where σ(t) = φ + η i:ti <t g (t − ti , mi ). In this study we analyse models with both η = 0 and
η 6= 0. In the first case, when the scale parameter η = 0, the hypothesis is that the sizes of future
triggered events are unpredictable. Conversely, when the scale parameter is history-dependent,
η 6= 0, the hypothesis is that the size of future events depends on the times and sizes of past
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events and therefore these help to predict the former. As η increases, the influence of past events
on future events increases. Furthermore, the mean and variance of the distribution Gξ,σ(t) (χ)
of the sizes of excess magnitude events scales with σ(t). This means that as φ or η increase, the
sizes of events modelled tend to be larger (higher mean size) and deviate more from the mean
size.
Impact functions, c(mi )
The choice of an exponential function as the impact function, c(mi ) is widespread in the geophysics as well as the finance literature. In our framework, we study this as well as other impact
functions should not be explored and compared. The three functions to be implemented are:
the exponential function
ce (mi ) = eα(mi −M0 ) ,

(5)

the power-law function
α

cp (mi ) = (mi /M0 ) ,

(6)


cd (mi ) = 1 − α log 1 − Gξ,σ(t) (mi ) .

(7)

and the Pareto function

The Pareto function as an impact function was introduced by Grothe et al. in [2] and the argument for it’s use is that the percentile of magnitude of the event in the conditional distribution
from which it is drawn is valuable information that should be considered. Note that Gξ,σ(t) (mi )
is again the Generalized Pareto Distribution of the sizes of excess magnitude events defined in
Equation 4, mi is the magnitude of event i and M0 is the minimum magnitude of an event.
Here α controls how the size of an event affects the probability of triggering other events. When
α > 0, the probability of triggering events increases with the size past events (mi ). When η > 0
the size of events is expected to be more extreme when the tension in the financial market is
high. Using Equation 7 as the impact function when η > 0 the impact of extreme events in
turbulent periods is smaller than in tranquil periods, when the probability of having these events
is lower.
The full model
Putting all together, there are three main choices that can be made in order to build a complete
model for the conditional intensity of jump arrivals λ (t|θ; Ht ). These are:
1. the triggering function, g(s), the general function that defines how the times and magnitudes of previous events influence future events
2. the binary scale parameter, η, which controls if g(s) has any impact on λ (t|θ; Ht )
3. the impact function c(mi ), which controls of the influence of the magnitude of an event
on the triggering intensity of future events.
Different combinations of the three items above allow for 16 different models within this family
of ETAS models that can be tested and compared. The way to do so is to estimate the parameters θ = {µ, K0 , γ, ω, β, α, ξ, φ, η} for each of the models and then backtest these models on
unseen data by the model in order to prevent any ”look-ahead” bias.
After obtaining estimates for the parameters of the model, one can calculate the probability of
occurrence of an event following a Hawkes process with conditional intensity λ (t|θ; Ht ) between
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times tn−1 and tn . This is given by
Pr (N (tn ) − N (tn−1 ) > 0) = 1 − Pr (N (tn ) − N (tn−1 ) = 0)
= 1 − F (t∗ > tn − tn−1 )
!
Z tn
= exp −
λ (t|θ; Ht ) dt .

(8)

tn−1

This probability forms the basis for the Early Warning System that can be implemented in order
to signal potential future market crashes days in advance.
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Early Warning System Calibration and Results

In this section we present the results obtained from the calibration and back-testing of one
the possible models. Estimation of the parameters of the model, θ, was done using Maximum
Likelihood Estimation via the Nedler-Mead algorithm. The log likelihood function maximised
is given by
log L(θ) =

N
X



 Z T

mi − M0
1
log 1 + ξ
−
λ (ti |θ; Ht ) dt. (9)
log λ (ti |θ; Ht )−log σ(t)+ 1 +
ξ
σ(t)
0
i=1

Being a numerical search algorithm, for each calibration process, the maximisation was repeated
100 times in order to ensure the output is the global optimum and not a local optimum.
In this paper, we present the results of the implementation of one of the variations of the
model. In particular, we use the exponential event-triggering function (3) and the power-law
impact function (6). The data used for the entire calibration process was the closing-price of
the S&P500 between January 2nd 1957 and September 1st 2008. We refer to this time period
and data as the calibration period/data.
We tested for the prediction of daily crashes of different sizes, namely those greater in magnitude than the 95%, 97% and 99% of total crashes, between January 2nd 2010 and January
21st 2020. For the data used, these correspond to daily moves of -1.97%, -2.36% and -3.24%
respectively. This choice of this time period, which we will call the validation dates, prevents any
look-ahead bias in the model as the calibration period is before it without any overlap between
the two.
In Figure 1 we show the graphs for the calibration and back-testing for the >97% case. For
the validations dates, this top 3% corresponds to a total of 193 daily crashes, for which the
ETAS model correctly detected 128, giving a hit-rate of 66% when using a 10% threshold as an
alarm for a crash in the following five days, this proportion is displayed in Figure 2. This 10%
threshold was chosen as the best balance between prediction power and false-signal rate out of
the 8 different thresholds tested as given by Hanssen-Kuiper Forecast Skill Score [3]. Note that
the choice of this threshold could be optimised but this may lead to over-fitting of the model,
something we surely want to avoid.
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Figure 1: Daily closing price for the S&P500 between 2010-2020 (in black) along with probability
of daily crash in the top 3%-percentile during the following 5 days given by the ETAS model
(in red). Strongest signals are marked with a red triangle.

Figure 2: Graphical representation of the crash-signalling hit-rate of the ETAS model implemented when using a 10% crash probability threshold.
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3.1

Merging with Ricci Curvature-based market fragility indicator

As a continuation to previous research done at Fasanara, we now compound the results of the
ETAS 5-day crash indicator to the results of the Ricci Curvature-based (RCB) indicator [7],
already in Fasanara’s toolkit. This indicator is by representing the market as a network of
stocks that can be derived from the correlations among them. The RCB indicator is correlated
with market fragility, or systemic risk, and signals times when there is a spike in this fragility.
Figure 3 shows the evolution of the RCB indicator for the S&P500 over time.

Figure 3: S&P500 daily closing price between 2000 and 2020 overlaid with Ricci Curvature-based
indicator.
The merging of the ETAS and RCB indicators therefore signals periods of time where: (i)
there is a high probability of a large daily crash can occur, and (ii) when the market is in a
particularly fragile state. In Figure 4, we display the times these two indicators signal their
respective outputs. The threshold chosen here for the ETAS models is less conservative, giving
a signal when the probability of a >97% percentile negative movement is >20%.
This figure shows that, previous to the most turbulent market movements, both indicators
signal a high probability of a crash and a high market fragility. This is especially evident during
the marked times where there is a clustering of signals for both indicators as well as many
periods of overlap between these two signals. It is during these overlaps or frequent alternation
of signals that investors have to be particularly careful and observant of the developments of
the market.
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Figure 4: S&P500 daily closing price between 2000 and 2020 with an overlay of the ETAS and
Ricci Curvature-based indicators in Fasanara’s toolkit. High crash probability days are defined
as those which have a >20% chance of having a crash in the following 5 days according to the
ETAS indicator (displayed in red). High market-fragility days are defined as those which have
signal >0.18 in the RCB indicator (displayed in green).
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3.2

ETAS model and VIX comparison

As a final study, we compare the output of the ETAS indicator with the VIX index. The two
time series are very highly correlated; for the years 2000-2020, the zero-lag cross-correlation
between the two is ρ = 0.896. This result is particularly interesting as these two time-series are
constructed in very different ways, despite both being intrinsically related to the movements in
the market. The VIX is calculated from the implied volatility of a hypothetical S&P500 option,
which is derived from the variance of a representative set of prices of 30-day maturity options.
The ETAS indicator, as described in detail in Section 2, uses past price movements as an input
to a model based on earthquake prediction technology which captures the dependencies between
the magnitudes and arrival times of future movements.
Figure 5 shows the time series for the ETAS indicator and the VIX overlaid, where the high
correlation between the two can be visually confirmed. A more relevant observation to be made
from this figure is that the ETAS indicator is drastically less noisy than the VIX index, which
provides a considerable advantage when using these as early-warning indicators. Furthermore,
the ETAS model provides a great versatility as it can be calibrated to predict movement of
different sizes, from around 1.5-5%.

Figure 5: ETAS model indicator output (probability of a >97-percentile crash (in red) overlaid
on the VIX index value (in grey) for the years 2010-2020.
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Conclusion

In this paper we have discussed the ETAS Early Warning System for market crashes. The
methodology presented is a novel approach to market crash warning systems that proves to be
effective and provides great advantages over the VIX and other GARCH-based indicators. It is
not only less noisy and more accurate than these sort of indicators, but also very versatile as it
can be calibrated to predict market drawdowns of different magnitudes, from around 1.5-5%.
Calibrating several models to capture different magnitudes is especially useful as this ensemble can adapt to different market regimes. The indicators capturing smaller downward
movements can be exploited in a bull market where dips are small, while those that capture
larger movements are prepared to signal imminent crashes and be exploited in more turbulent
market regimes.
We have also seen that, when used in conjunction with the existing Ricci Curvature-based
indicators in Fasanara’s toolkit it provides a powerful alert mechanism. This sort of consolidation
of different indicators lies at the heart of the Fasanara Cockpit’s essence and is what makes it
such a unique and versatile tool.
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